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Preface

This volume contains the research papers presented at the International Con-
ference on Automated Reasoning with Analytic Tableaux and Related Methods
(TABLEAUX 2005) held September 14-17, 2005 in Koblenz, Germany. This con-
ference was the fourteenth in a series of international meetings since 1992 (listed
on page IX). It was part of the International Conference Summer Koblenz 2005,
which included conferences covering a broad spectrum of topics and interest-
ing fields of application for tableau-based methods: artificial intelligence (KI),
multi-agent systems (MATES), automated reasoning and knowledge representa-
tion (FTP), and software engineering and formal methods (SEFM).

The Program Committee of TABLEAUX 2005 received 46 submissions from
16 countries. After each paper was reviewed by three referees, and an intensive
discussion on the borderline papers was held during the online meeting of the
Program Committee, 18 research papers and 7 system descriptions were accepted
based on originality, technical soundness, presentation, and relevance. I wish to
sincerely thank all the authors who submitted their work for consideration. And
I would like to thank the Program Committee members and other referees for
their great effort and professional work in the review and selection process. Their
names are listed on the following pages.

In addition to the contributed papers, the program included four excellent
keynote talks. I am grateful to Prof. Diego Calvanese (Free University of Bolzano,
Italy), Prof. Ian Horrocks (University of Manchester, UK), Prof. Hans Jirgen
Ohlbach (Ludwig Maximilian University, Munich, Germany), and Prof. Erik
Rosenthal (University of New Haven, USA) for accepting the invitation to ad-
dress the conference.

Three very good tutorials were part of TABLEAUX 2005: Instance-Based
Methods (P. Baumgartner and G. Stenz), Analytic Systems and Dialogue Games
(C. Fermiiller), and A Tutorial on Agda (M. Benke). I would like to express my
thanks to the tutorial presenters for their contribution.

It was a team effort that made the conference so successful. I am truly grateful
to the Steering Committee members for their support and to Gernot Stenz for his
effective work as Publicity Chair. And I particularly thank the local organizers
for their hard work and help in making the conference a success: Gerd Beuster,
Sibille Burkhardt, Ruth Goétten, Vladimir Klebanov, Thomas Kleemann, Jan
Murray, Oliver Obst, Alex Sinner, Christoph Wernhard, and Doris Wertz.

September 2005 Bernhard Beckert
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Query Processing in Peer-to-Peer Systems:
An Epistemic Logic Approach

Diego Calvanese

Free University of Bolzano/Bozen, Faculty of Computer Science
calvanese@inf.unibz.it

Abstract

In peer-to-peer (P2P) systems, each peer exports information in terms of its own
schema, and interoperation is achieved by means of mappings among the peer
schemas. Peers are autonomous systems and mappings are dynamically created
and changed. One of the challenges in these systems is processing queries posed to
one peer taking into account the mappings. Obviously, query processing strongly
depends on the semantics of the overall system.

In this talk, we overview the various approaches that have been proposed for
modeling P2P systems, considering several central properties of such systems,
such as modularity, generality, and computational issues related to query pro-
cessing. We argue that an approach based on epistemic logic is superior with
respect to all the above properties to previously proposed approaches based on
first-order logic. Specifically, the epistemic logic approach naturally captures the
modular nature of P2P systems, and moreover query answering can be performed
efficiently (i.e., polynomially) in the size of the data stored in the various peers.
This holds independently of the topology of the mappings among peers, and
hence respecting one of the fundamental assumptions in P2P systems: namely,
that peers are autonomouns entities that can establish mappings to other peers
without requiring the intervention of any centralized authority.

B. Beckert (Ed): TABLEAUX 2005, LNAI 3702, p. 1, 2005.
© Springer-Verlag Berlin Heidelberg 2005



Description Logics in Ontology Applications

Tan Horrocks

School of Computer Science, University of Manchester,
Oxford Road, Manchester M13 9PL, UK
horrocks@cs.man.ac.uk

Abstract. Description Logics (DLs) are a family of logic based knowl-
edge representation formalisms. Although they have a range of appli-
cations (e.g., configuration and information integration), they are per-
haps best known as the basis for widely used ontology languages such
as OWL (now a W3C recommendation). This decision was motivated
by a requirement that key inference problems be decidable, and that it
should be possible to provide reasoning services to support ontology de-
sign and deployment. Such reasoning services are typically provided by
highly optimised implementations of tableaux decision procedures; these
have proved to be effective in applications in spite of the high worst case
complexity of key inference problems. The increasing use of DL based
ontologies in areas such as e-Science and the Semantic Web is, however,
already stretching the capabilities of existing DL systems, and brings
with it a range of research challenges.

1 Introduction

Description Logics (DLs) are a family of class (concept) based knowledge repre-
sentation formalisms. They are characterised by the use of various constructors
to build complex concepts from simpler ones, an emphasis on the decidability of
key reasoning tasks, and by the provision of sound, complete and (empirically)
tractable reasoning services.

Although they have a range of applications (e.g., reasoning with database
schemas and queries [12I3]), DLs are perhaps best known as the basis for on-
tology languages such as OIL, DAML+OIL and OWL [4]. The decision to base
these languages on DLs was motivated by a requirement not only that key infer-
ence problems (such as class satisfiability and subsumption) be decidable, but
that “practical” decision procedures and “efficient” implemented systems also
be available.

That DLs were able to meet the above requirements was the result of exten-
sive research within the DL community over the course of the preceding 20 years
or more. This research mapped out a complex landscape of languages, exploring
a range of different language constructors, studying the effects of various com-
binations of these constructors on decidability and worst case complexity, and
devising decision procedures, the latter often being tableaux based algorithms.
At the same time, work on implementation and optimisation techniques demon-
strated that, in spite of the high worst case complexity of key inference problems

B. Beckert (Ed): TABLEAUX 2005, LNAI 3702, pp. 2-[I3] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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(usually at least ExpTime), highly optimised DL systems were capable of pro-
viding practical reasoning support in the typical cases encountered in realistic
applications.

With the added impetus provided by the OWL standardisation effort, DL
systems are now being used to provide computational services for a rapidly
expanding range of ontology tools and applications [BI6/7I8[9/10]. The increasing
use of DL based ontologies in areas such as e-Science and the Semantic Web is,
however, already stretching the capabilities of existing DL systems, and brings
with it a range of research challenges.

2 Ontologies and Ontology Reasoning

In Computer Science, an ontology is usually taken to mean a conceptual model
(of some domain), typically realised as a hierarchical vocabulary of terms, to-
gether with formal specifications of the meaning of each term. These specifica-
tions are often given with reference to other (simpler) terms in the ontology. For
example, in a medical terminology ontology, the meaning of the term Gastritis
might be specified as an InflammatoryProcess whose outcome is InflammationOf-
Stomach, where InflammatoryProcess, outcome and InflammationOfStomach are
all terms from the ontology. Such vocabularies may be used, e.g., to facilitate
data sharing and reuse (often by annotating data using terms from a shared
ontology), to structure data, or simply to explicate and investigate knowledge of
a domain.

Ontologies play a major role in the Semantic Web (where they are used
to annotate web resources) [I1J12], and are widely used in, e.g., knowledge
management systems, e-Science, and bio-informatics and medical terminologies
[13T415/16]. They are also of increasing importance in the Grid, where they
may be used, e.g., to support the discovery, execution and monitoring of Grid
services [I7/I8YTY].

Given the formal and compositional nature of ontologies, it is natural to use
logics as the basis for ontology languages—this allows for the precise definition
of the meaning of compositional operators (such as “and” and “or”), and of re-
lationships between terms (such as “subclass” and “instance”). The effective use
of logic based ontology languages in applications will, however, critically depend
on the provision of efficient reasoning support. On the one hand, such support
is required by ontology engineers in order to help them to design and maintain
sound, well-balanced ontologies [20]. On the other hand, such support is required
by applications in order to exploit the formal specification of meaning captured
in ontologies: querying ontologies and ontology structured data, is equivalent to
computing logical entailments [21].

3 Ontology Languages and Description Logics

The OWL recommendation actually consists of three languages of increasing
expressive power: OWL Lite, OWL DL and OWL Full. Like OWL’s predecessor
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DAML+OIL, OWL Lite and OWL DL are basically very expressive description
logics with an RDF syntax. OWL Full provides a more complete integration
with RDF, but its formal properties are less well understood, and key inference
problems would certainly be much harder to Compute For these reasons, OWL
Full will not be considered here.

More precisely, OWL DL is based on the SHOZQ DL [23]; it restricts the
form of number restrictions to be unqualified (see [24]), and adds a simple form
of Datatypes (often called concrete domains in DLs [25]). Following the usual DL
naming conventions, the resulting logic is called SHOZN (D), with the different
letters in the name standing for (sets of) constructors available in the language: S
stands for the basic ALC DL (equivalent to the propositional modal logic K u))
extended with transitive roles [22], H stands for role hierarchies (equivalently,
inclusion axioms between roles), O stands for nominals (classes whose extension
is a single individual) [26], A stands for unqualified number restrictions and
(D) stands for datatypes) [27]. OWL Lite is equivalent to the slightly simpler
SHIF(D)DL (i.e., SHOZQ without nominals, and with only functional number
restrictions).

These equivalences allow OWL to exploit the considerable existing body of
description logic research, e.g.:

— to define the semantics of the language and to understand its formal prop-
erties, in particular the decidability and complexity of key inference prob-
lems [28];

— as a source of sound and complete algorithms and optimised implementation
techniques for deciding key inference problems [29/22/27];

— to use implemented DL systems in order to provide (partial) reasoning sup-
port [S0J3TI32].

3.1 SHOIN Syntax and Semantics

The syntax and semantics of SHOZN are briefly introduced here (we will ignore
datatypes, as adding a datatype component would complicate the presentation
and has little affect on reasoning [33]).

Definition 1. Let R be a set of role names with both transitive and normal role
names Ry URp = R, where Rp NRy = 0. The set of SHOIN -roles (or roles
for short) is RU{R™ | R € R}. A role inclusion axiom s of the form R C S,
for two roles R and S. A role hierarchy is a finite set of role inclusion axioms.

An interpretation Z = (AT, -T) consists of a non-empty set AT, called the
domain of Z, and a function - which maps every role to a subset of AT x AT
such that, for P€ R and R € Ry,

(x,y) € PTiff (y,x) € P~
and if (x,y) € RT and (y,z) € RT, then (z,z) € RT.

! Inference in OWL Full is clearly undecidable as OWL Full does not include restric-
tions on the use of transitive properties which are required in order to maintain
decidability [22].
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An interpretation T satisfies a role hierarchy R iff R C ST for each RC S € R;
such an interpretation is called a model of R.

Definition 2. Let N¢ be a set of concept names with a subset Ny C N¢g of
nominals. The set of SHOZN -concepts (or concepts for short) is the smallest
set such that

1. every concept name C' € N¢ is a concept,

2. if C and D are concepts and R is a role, then (CT1 D), (CU D), (=C),
(VR.C), and (3R.C) are also concepts (the last two are called universal and
existential restrictions, resp.), and

3. if R is a simple mlfg and n € N, then <nR and >nR are also concepts
(called atmost and atleast number restrictions).

The interpretation function X of an interpretation T = (A%, -T) maps, addition-
ally, every concept to a subset of AT such that

(Cn D) =c*n D, (CuD) =c*uD?, -CT = AT\ C7,
fo? =1 for all o € Ny,
(3R.C)T = {z € AT | There is ay € AT with (z,y) € RT and y € CT},
(VR.C)Y ={z € AT | For ally € A, if (z,y) € R, then y € CT},
<nRf ={z e AT | f{y | (v,y) € R} <n},
>nRt ={x € AT | f{y | (z,y) € R*} > n},

where, for a set M, we denote the cardinality of M by tM.

For C and D (possibly complex) concepts, C C D is called a general concept
inclusion (GCI), and a finite set of GClIs is called a TBox.

An interpretation T satisfies a GCI C CD if Ct CD? and T satisfies a
TBox T if I satisfies each GCI in T ; such an interpretation is called a model
of T.

A concept C is called satisfiable with respect to a role hierarchy R and a
TBox T if there is a model T of R and T with CT # (). Such an interpretation is
called a model of C' w.r.t. R and T. A concept D subsumes a concept C' w.r.t.
R and T (written C Cr.7 D) if C*T C D7 holds in every model T of R and T.
Two concepts C, D are equivalent w.r.t. R and T (written C =g 7 D) iff they
are mutually subsuming w.r.t. R and T. (When R and T are obvious from the
context, we will often write C T D and C = D.) For an interpretation Z, an
individual x € AT is called an instance of a concept C iff x € CT.

Note that, as usual, subsumption and satisfiability can be reduced to each
other, and reasoning w.r.t. general TBozxes and role hierarchies can be reduced
to reasoning w.r.t. role hierarchies only [22/27].

3.2 Practical Reasoning Services

Most modern DL systems use tableauz algorithms to test concept satisfiability.
These algorithms work by trying to construct (a tree representation of) a model

2 A role is simple if it is neither transitive nor has any transitive subroles. Restricting
number restrictions to simple roles is required in order to yield a decidable logic [22].
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of the concept, starting from an individual instance. Tableaux expansion rules
decompose concept expressions, add new individuals (e.g., as required by AR.C
terms)E and merge existing individuals (e.g., as required by <nR.C terms). Non-
determinism (e.g., resulting from the expansion of disjunctions) is dealt with by
searching the various possible models. For an unsatisfiable concept, all possible
expansions will lead to the discovery of an obvious contradiction known as a
clash (e.g., an individual that must be an instance of both A and —A for some
concept A); for a satisfiable concept, a complete and clash-free model will be
constructed [34].

Tableaux algorithms have many advantages. It is relatively easy to design
provably sound, complete and terminating algorithms, and the basic technique
can be extended to deal with a wide range of class and role constructors. More-
over, although many algorithms have a higher worst case complexity than that of
the underlying problem, they are usually quite efficient at solving the relatively
easy problems that are typical of realistic applications.

Even in realistic applications, however, problems can occur that are much too
hard to be solved by naive implementations of theoretical algorithms. Modern
DL systems, therefore, include a wide range of optimisation techniques, the use
of which has been shown to improve typical case performance by several orders of
magnitude [2903536/32I37I38]. Key techniques include lazy unfolding, absorption
and dependency directed backtracking.

Lazy Unfolding. In an ontology, or DL Tbhox, large and complex concepts are
seldom described monolithically, but are built up from a hierarchy of named
concepts whose descriptions are less complex. The tableaux algorithm can take
advantage of this structure by trying to find contradictions between concept
names before adding expressions derived from Tbox axioms. This strategy is
known as lazy unfolding [29136].

The benefits of lazy unfolding can be maximised by lexically normalising and
naming all concept expressions and, recursively, their sub-expressions. An ex-
pression C' is normalised by rewriting it in a standard form (e.g., disjunctions are
rewritten as negated conjunctions); it is named by substituting it with a new con-
cept name A, and adding an axiom A = C to the Thox. The normalisation step
allows lexically equivalent expressions to be recognised and identically named,
and can even detect syntactically “obvious” satisfiability and unsatisfiability.

Absorption. Not all axioms are amenable to lazy unfolding. In particular, so
called general concept inclusions (GCls), axioms of the form C' T D where C
is non-atomic, must be dealt with by explicitly making every individual in the
model an instance of DLI-C'. Large numbers of GCIs result in a very high degree
of non-determinism and catastrophic performance degradation [36].

Absorption is another rewriting technique that tries to reduce the number
of GCIs in the Thox by absorbing them into axioms of the form A C C, where
A is a concept name. The basic idea is that an axiom of the form AN D C D’

3 Cycle detection techniques known as blocking may be required in order to guarantee
termination.
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can be rewritten as A © D’ L1 =D and absorbed into an existing A C C' axiom
to give A C C 11 (D' U-D) [39]. Although the disjunction is still present, lazy
unfolding ensures that it is only applied to individuals that are already known
to be instances of A.

Dependency Directed Backtracking. Inherent unsatisfiability concealed in
sub-expressions can lead to large amounts of unproductive backtracking search
known as thrashing. For example, expanding the expression (C;UD1)M...M(CpU
D,)N3R.(AN B)MNYR.—A could lead to the fruitless exploration of 2™ possible
expansions of (C1 U Dy) M...M(C, U D,) before the inherent unsatisfiability
of 3R.(AM B) MVR.—A is discovered. This problem is addressed by adapting a
form of dependency directed backtracking called backjumping, which has been
used in solving constraint satisfiability problems [40)].

Backjumping works by labelling concepts with a dependency set indicating
the non-deterministic expansion choices on which they depend. When a clash is
discovered, the dependency sets of the clashing concepts can be used to identify
the most recent non-deterministic expansion where an alternative choice might
alleviate the cause of the clash. The algorithm can then jump back over inter-
vening non-deterministic expansions without exploring any alternative choices.
Similar techniques have been used in first order theorem provers, e.g., the “proof
condensation” technique employed in the HARP theorem prover [41].

4 Research Challenges for Ontology Reasoning

The development of the OWL language, and the successful use of reasoning
systems in tools such as the Protégé editor [42], has demonstrated the utility of
logic and automated reasoning in the ontology domain. The increasing use of DL
based ontologies in areas such as e-Science and the Semantic Web is, however,
already stretching the capabilities of existing DL systems, and brings with it a
range of challenges for future research.

Scalability. Practical ontologies may be very large—tens or even hundreds of
thousands of classes. Dealing with large-scale ontologies already presents a chal-
lenge to the current generation of DL reasoners, in spite of the fact that many
existing large-scale ontologies are relatively simple. In the 40,000 concept Gene
Ontology (GO), for example, much of the semantics is currently encoded in class
names such as “heparin-metabolism”; enriching GO with more complex defini-
tions, e.g., by explicitly modelling the fact that heparin-metabolism is a kind of
“metabolism” that “acts-on” the carbohydrate “heparin”, would make the se-
mantics more accessible, and would greatly increase the value of GO by enabling
new kinds of query such as “what biological processes act on glycosaminoglycan”
(heparin is a kind of glycosaminoglycan) [43]. However, adding more complex
class definitions can cause the performance of existing reasoners to degrade to
the point where it is no longer acceptable to users. Similar problems have been
encountered with large medical terminology ontologies, such as the GALEN
ontology [44].
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Moreover, as well as using a conceptual model of the domain, many appli-
cations will also need to deal with very large volumes of instance data—the
Gene Ontology, for example, is used to annotate millions of individuals, and
practitioners want to answer queries that refer both to the ontology and to the
relationships between these individuals, e.g., “what DNA binding products inter-
act with insulin receptors”. Answering this query requires a reasoner not only to
identify individuals that are (perhaps only implicitly) instances of DNA binding
products and of insulin receptors, but also to identify which pairs of individuals
are (perhaps only implicitly) instances of the interactsWith role. For existing
ontology languages it is possible to use DL reasoning to answer such queries,
but dealing with the large volume of GO annotated gene product data is far
beyond the capabilities of existing DL systems [45].

Several different approaches to this problem are already under investigation.
One of these involves the use of a hybrid DL-DB architecture in which instance
data is stored in a database, and query answering exploits the relatively simple
relational structure encountered in typical data sets in order minimise the use
of DL reasoning and maximise the use of database operations [46]. Another
technique that is under investigation is to use reasoning techniques based on
the encoding of SHZQ ontologies in Datalog [47]. On the one hand, theoretical
investigations of this technique have revealed that data complexity (i.e., the
complexity of answering queries against a fixed ontology and set of instance
data) is significantly lower than the complexity of class consistency reasoning
(i.e., NP-complete for SHZQ, and even polynomial-time for a slight restriction
of SHZ Q) [48]; on the other hand, the technique would allow relatively efficient
Datalog engines to be used to store and reason with large volumes of instance
data.

Expressive Power. OWL is a relatively rich ontology language, but many
applications require even greater expressive power than that which is provided
by the existing OWL standard. For example, in ontologies describing complex
physically structured domains such as biology [43] and medicine [44], it is often
important to describe aggregation relationships between structures and their
component parts, and to assert that certain properties of the component parts
transfer to the structure as a whole (a femur with a fractured shaft is a fractured
femur) [49]. The importance of this kind of knowledge can be gauged from the
fact that various “work-arounds” have been described for use with ontology
languages that cannot express it directly [50].

It may not be possible to satisfy all expressive requirements while staying
within a decidable fragment of first order logic. Recent research has, therefore,
studied the use in ontology reasoning of semi-decision procedures such as reso-
lution based theorem provers for full first order logic [51]. There have also been
studies of languages that combine a DL with some other logical formalism, of-
ten Datalog style rules, with the connection between the two formalisms being
restricted so as to maintain decidability [52J47/53]

Extended Reasoning Services. Finally, in addition to solving problems of
class consistency/subsumption and instance checking, explaining how such in-
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ferences are derived may be important, e.g., to help an ontology designer to
rectify problems identified by reasoning support, or to explain to a user why an
application behaved in an unexpected manner.

Work on developing practical explanation systems is at a relatively early
stage, with different approaches still being developed and evaluated. One such
technique involves exploiting standard reasoning services to identify a small set
of axioms that still support the inference in question, the hope being that pre-
senting a much smaller (than the complete ontology) set of axioms to the user
will help them to understand the “cause” of the inference [54]. Another (pos-
sibly complementary) technique involves explaining the steps by which the in-
ference was derived, e.g., using a sequence of simple natural deduction style
inferences [55//56].

As well as explanation, so-called “non-standard inferences” could also be
important in supporting ontology design; these include matching, approximation,
and difference computations. Non-standard inferences are the subject of ongoing
research [H7I5859I60]; it is still not clear if they can be extended to deal with
logics as expressive as those that underpin modern ontology languages, or if they
will scale to large applications ontologies.

5 Summary

Description Logics are a family of class based knowledge representation for-
malisms characterised by the use of various constructors to build complex classes
from simpler ones, and by an emphasis on the provision of sound, complete and
(empirically) tractable reasoning services. They have been used in a wide range
of applications, but perhaps most notably (at least in recent times) in provid-
ing a formal basis and reasoning services for (web) ontology languages such
as OWL.

The effective use of logic based ontology languages in applications will, how-
ever, critically depend on the provision of efficient reasoning services to support
both ontology design and deployment. The increasing use of DL based ontologies
in areas such as e-Science and the Semantic Web is, however, already stretching
the capabilities of existing DL systems, and brings with it a range of challenges
for future research. The extended ontology languages needed in some applications
may demand the use of more expressive DLs, and even for existing languages,
providing efficient reasoning services is extremely challenging.

Some applications may even call for ontology languages based on larger frag-
ments of FOL. The development of such languages, and reasoning services to
support them, extends these challenges to the whole logic based Knowledge
Representation community.
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“The Semantic Web is specifically a web of machine-readable information whose
meaning is well-defined by standards” (Tim Berners-Lee in the foreword of the
book “Spinning the Web”). This is a very simplified definition of the Semantic
Web. The crucial part is the last word “standards”. Since machine readable
information in the web can be almost anything, the standards must also be
about almost anything. Taken to the extreme, it requires a standardised model
of the whole world, physical as well as conceptual, against which the information
is interpreted. The world model must contain concrete data, for example the
location of my office in Munich, as well as abstract relationships, for example,
that an office is a room.

Abstract relationships like this are
Trust
part of the Ontology layer of the Se- . Rules e

mantic Web tower. Many scientific Proof
communities in various sciences are
currently busy building ontologies for Self-
their domains. These ontologies are
in principle generalised and simplified
world models. The preferred tool to XML + NS + xmlschema
build them is OWL, which is based Unicode URI
on the Description Logic SHIQ. The
two layers above the Ontology layer,
‘Logic’ and ‘Proof’, are the places where automated reasoning comes into play.
Not much has been done so far in these areas. Instead there are many works
about meta systems for the Semantic Web, in particular XML, XML query and
transformation languages, rule systems (eg. RuleML), web service architectures,
web service combination etc. These systems are meta systems in the sense that
they can be used to represent and manipulate facts about the world, but they
have not much built in knowledge about the world.

The next steps in these developments pose two grand challenges. The first
challenge is to built more sophisticated world models which combine concrete
data, algorithms, specialised logical calculi and constraint systems with abstract
ontologies. The second challenge is to enrich the meta systems with the world
models. Both require combination methods in the style of theory resolution or
concrete domains for Description Logics.

Our group is involved in the EU Network of Excellence REWERSE (www.
rewerse.net) where we develop the XML query language Xcerpt, together with
‘geotemporal’ and ‘geospatial’ world models.

Loglc

Ontology vocabulary

Digital Signatu re

RDF + rdfschema

Semantic Web Tower
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Formal Versus Rigorous Mathematics:
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Abstract. This talk will consider rigorous mathematics and the na-
ture of proof. It begins with an historical perspective and follows the
development of formal mathematics. The talk will conclude with exam-
ples demonstrating that understanding the relationship between formal
mathematics and rigorous proof can assist with both the discovery and
the quality of real proofs of real results.

Keywords: rigor, formal mathematics, nature of proof.

1 Introduction

There was a symposium honoring Woody Bledsoe on his 70** birthday in Austin,
Texas in 1991E during which I had the pleasure of sharing a meal with Alan
Robinson [I5]. One of the topics that interrupted the repast was mathematical
rigor and the role played in it by formalism. Alan’s thoughtful comments pro-
vided me with an insight — perhaps even an epiphany — into the very nature
of mathematics. I believe it made me both a better mathematician and a better
teacher of mathematics. The purpose of this talk is to convey that insight; I hope
I can do justice to Alan’s wisdom.

Section [2 explores the history of mathematical rigor, ending with a dis-
cussion of modern standards of proof, and Section [3 discusses Alan’s insight;
both sections are expository. Section M looks at examples from [I0] and is more
technical.

There are many thousands of references for the material discussed in Section
2l The selected few are not necessarily the best sources; they are simply the ones
I found useful. Let me call particular attention to the websites in the bibliogra-
phy. My favorite is MacTutor [I§], which is maintained by the University of St
Andrews in Scotland

* T would like to thank David Rosenthal, Jeffrey Rosenthal, Peter Rosenthal, and
Donald Sarason, who made numerous valuable suggestions. Neil Murray, never more
than a phone call away when advice and insight were required, deserves special
mention. Finally, there is no way to properly thank my wife Jean, who listened and
made suggestions, did research, and provided much needed hugs at crucial moments.

! Woody died in 1995; his loss was deeply felt.

2 T apologize to those readers who dislike footnotes; more than a few sprinkle these
pages with their fine print.

B. Beckert (Ed): TABLEAUX 2005, LNAI 3702, pp. 15-[32] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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2  What Is Mathematical Rigor?

Our goal is to obtain some understanding of how formal definitions can assist
with the discovery (creation?) of rigorous and (hopefully!) sound proofs in math-
ematics. To achieve that goal, we will explore the notion of rigorous proof. We
begin with a simple question:

2.1 What Is Mathematics?

When students ask that question, I sometimes answer, “the study of functions.”
Not the study of sets? No. Sets serve as the language of mathematics, but
we study functions: differentiable functions in calculus, continuous functions in
topology, matrices in linear algebra, homomorphisms in group theory, binary
operators in logic. It is useful for students to understand this, and it is a work-
able and, as it were, functional definition ] But that answer misses something.
For one thing, some of what mathematicians investigate is not about functions.
More importantly, it is a safe bet that no budding mathematician answered the
question, “What do you want to do when you grow up?” with, “I want to study
functions.”

Humans seem to love puzzles, perhaps because we evolved to solve the prob-
lem, How do you capture dinner if it is bigger, faster, and stronger than you
are ] Puzzles come in all sizes and shapes, whether it be finding the odd coin
with a balance scale, determining the murderer in a whodunit, or answering an
open question in mathematics. Mathematical reasoning may thus be defined as
the process of using logical deduction to discover truth. Picking out the counter-
feit coin, Nero Wolfe exposing the villain at a dinner party, and Andrew Wiles’
proof of Fermat’s Last Theorem are all examples of mathematical reasoning. Let
us therefore define mathematics as that body of knowledge that uses mathemat-
ical reasoning to study, well, functions (and a few other things); in particular,
to prove theorems about functions.

2.2 A Brief History of Rigor

Mathematics has been studied for millennia, and mathematical discoveries have
been made independently in many parts of the world. The earliest developments
had very practical roots, with counting leading the WayE It is in Classical Greece,

3 For the record, though not necessarily relevant to this discussion, it is an abomination
to define a function as a set of ordered pairs. That definition creates a misconception
about functions, which in fact are assignments of elements between sets. The ordered
pair definition yields the graph of a function, a related but nonetheless different
animal altogether. The terms set, element, and function are the basic building blocks
of mathematics and thus must be undefined. We provide intuition into their meaning
with synonyms such as collection, point, assignment, but we cannot give precise
definitions.

The solution to that particular puzzle is the American Express Card.
This may be evidence that lower back problems have plagued humans since before
mathematics; otherwise, we would count with base twenty.

SIS
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as far as we know, that mathematics evolves from a collection of practical tech-
niques to a systematic body of knowledge [11]. Aristotle (384 BC — 328 BC)
wrote Analytica Posteriora [2] around 340 BC; it formally introduced the notion
of logical demonstration. Euclid’s Elements [9], written around 280 BC, is most
likely the first book on pure mathematics; it is certainly the most influential
mathematics book in history. This is also the beginning of rigorous mathemat-
ics. Although there are a couple of errors in Elements, Euclid (325 BC — 265 BC)
adheres to the standards of rigor set forth by Aristotle, and modern mathemati-
cians use those same standards. That is not to say that mathematicians have
never strayed from the path of rigor in the intervening years. Quite the contrary:
As we shall see, when Europe emerged from the Middle Ages, rigor was not of
primary importance to mathematicians.

The fall of the Roman Empire a few centuries after Euclid’s treatise ushered
in the Dark Agesﬁ and we leap ahead two millenia to 1450 and the invention
of the printing press [§]. It is interesting to note that while, not surprisingly,
the Bible was the first book printed with the new press, the first technical book
was Euclid’s Elements, published in 1482[1 The Renaissance and the printing
press are inextricably intertwined: The early Renaissance enabled the invention
of the printing press, and the printing press in turn enabled the Renaissance to
flourish.

The arts and natural philosophyﬁ blossomed, the latter largely in support
of the new technologies spurred by the new mercantilism. In the seventeenth
and eighteenth centuries, the Renaissance becomes the Age of Reason, and the
growth of natural philosophy continues.

Natural philosophy in this period is largely concerned with applications to
technology, and mathematics is not considered a separate discipline. The ef-
fect is that rigor is less important than results. Below we will examine some
weaknesses in the development of the calculus, but let us look at one exam-
ple from Leonhard Euler (1707 — 1783) [6], probably the most prolific of all
mathematicians.

Consider

(oo}

1
This series is related to Bernoulli numbers and to the Riemann Zeta func-
tion. The Bernoulli brothers tried but failed to determine its sum; Euler suc-
ceeded. Euler’s approach, based on two simple observations, was brilliant if
outrageous.

5 This is a Euro-centric point of view: Serious scholarship continued in many parts
of the world. For example, algebra was developed in the Middle East, and Euclid’s
FElements came to Europe via the Middle East. But our concern is with mathematical
rigor, and so historical rigor will have to play second fiddle after Rome burns.

" The 1482 edition, Elementa Geometria, a Latin translation from Arabic, was pub-
lished in Venice.

8 Natural philosophy included both mathematics and the sciences.
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He observed first that if a1, as,...,a, are all the roots of a polynomial (re-
peated as necessary if there are multiplicities greater than one), then, for some
constant C, the polynomial is the product

Clay —z)(az —x) - (an — ).

If none of the roots is zero, then

a-(-2)(-2)- (-2

is the unique polynomial with those roots and with p(0) = 1.
He next observed that the Maclaurin series for sin x is

3 x5 2
.’L‘—g-i-a—ﬁ—‘r....
From this he concluded thatﬂ
sin:r_1 x2+x4 x6+
r 31 5 7

Also, the roots of this function are precisely the non-zero roots of the sine func-
tion: {£m, £27, £37...}. Treating 2% as he would any polynomia and noting

x

that it evaluates to 1 at () it must also be the product

(=) (D) (- 50) () (1= 52) (14 52) -
(2B -5

Multiplying out this latter product, we obtain

1 1 1
1—22 (F + ypo) + ) + .. > + (terms containing higher powers of x).

Equating the coefficient of 22 here with the coefficient in the Maclaurin expansion

yields
Y=g
— m2n? -3

whence
oo

IR

o = -

—n 6

9 He apparently was not terribly concerned about the possibility of dividing by 0.
10 Why not?

1 It made sense to Euler. In fact, he was correct.
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How extraordinary: What does this series have to do with the circumference of
a circle?

Euler may not have been all that rigorous, but he was brilliant.

The rigor of Aristotle was not restored until Gauss and Cauchy — more on
that later.

2.3 The Tirade of Lord Bishop George Berkeley

Bishop George Berkeley (1685 — 1753) published The Analyst [3] in 1734. The
title page includes, “A DISCOURSE Addressed to an Infidel Mathematician.
WHEREIN It is examined whether the Object, Principles, and Inferences of the
modern Analysis are more distinctly conceived, or more evidently deduced, than
Religious Mysteries and Points of Faith.”

The infidel in question may have been Isaac Newton (1643 — 1727), but
Newton had died seven years earlier, and he had become quite religious at the
end of his life. Another possibility is Edmond Halley (1656 — 1742). More likely,
Berkeley had no particular infidel in mind; rather, he was simply responding
to “reasoned” attacks on religious faith. The primary argument in The Analyst
is that Analysis — the Calculus — requires as much faith as religion. He was
quite the mathematician himself: His criticisms are remarkably well thought out,
reminiscent of a careful referee of a paper submitted to a journal. It is worth our
while to understand the logic of his argument.

Calculus [7] is concerned with two problems: finding the slope of tangent
lines to a curve, and finding the area under a curve. The solution to the first
is called differentiation — Newton called it fluzions for rate of flow — and
the solution to the second is called integration — Newton called it fluents be-
cause he thought of it as flow. Newton was not the first to consider either of
these processes: Archimedes (287 BC — 212 BC) integrated and Pierre de Fer-
mat (1601 — 1665) differentiated. The primary reason that Newton and Leib-
niz (Gottfried Wilhelm Leibniz (1646 — 1716)) are considered to have discov-
ered Calculus is that they recognized what we now call the Fundamental The-
orem of Calculus, which states that differentiation and integration are inverse
processes [

We need to understand how Newton calculated his fluxions to understand the
gaps in rigor discovered by Berkeley. To find the slope of a tangent line, Newton
looked at secant lines that are close to the tangent line — see Figure[ll Assume
we want the tangent at zy. Choose z1 close to xp and look at the secant be-
tween the points (zg, f(x0)) and (21, f(x1)). Newton called the increment from
xo to x1 an infinitesimal, a non-zero, non-negative number that is less than any
positive number. Then the infinitesimal is O = x; — zy, and the slope of the
secant is

12 This is an extraordinarily important result: Most scientific advances of the last three
centuries depend on it. There is little doubt that the technology used to build those
pesky electronic devices that students use to avoid understanding the Fundamental
Theorem could not have been invented without it.
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Y

(Xq, f(x1))

(Xo, F(X0))

Fig. 1. Estimating Slopes of Tangent Lines

f(x1) = f(xo)  fwo+ O) — f(wx0)

r1 — 0 O ’

which is a good estimate of the slope of the tangent if x; is close enough to xg.

Newton dealt with specific functions rather than the general notion of func-
tion, so let us see how he would find the slope of f(x) = x2. For that function,
the slope of the secant line is

f@o+0) = flzg)  (wo+0)?2—a} 2500+0> O

Since the infinitesimal O is not 0, we can cancel, so the slope of the secant is
2z9 + O. Now, to calculate the slope of the tangent line, let O be 0, and voila:
The slope is 2xg.

Wait one second, Bishop Berkeley screamed. Referring to infinitesimals as
“the ghosts of departed quantities,” he argued that if O is 0, you cannot cancel —
indeed, the expression for the slope of the secant is undefined. On the other hand,
if O is not 0, how can you set it equal to zero?

2.4 Mathematicians’ Response to Bishop Berkeley

Berkeley’s complaint resounded in the mathematical community. By the end of
the eighteenth century, led by Karl Friedrich Gauss (1777 — 1855) and Augustin
Louis Cauchy (1789 — 1857), mathematicians restored Aristotle’s standards of
rigor. The gaps in the development of the Calculus were filled in by Bernhard
Bolzano (1781 — 1848), Cauchy, Karl Weierstrass (1815 — 1897), and Bernhard
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Riemann (1826 — 1866) [7]. The key to their success was to eliminate infinites-
imals by making limits rigorous. The limit concept provides a perfect example
of the central theme of this talk — of what Alan Robinson was trying to convey
to me in Austin — see Section Bl

There were very rich developments in mathematics in the nineteenth centur
following the “rigorization” of limits. Another great advance was the set theor
5] of Georg Cantor (1845 — 1918). There seemed to be no limitd"¥ to mathe-
matics; the achievements of the nineteenth century were surely unimaginable to
Newton and Leibniz.

Then a young Bertrand Russell (1872 — 1970) wrote a letter [I7] to Gottlob
Frege (1848 — 1925), a leading logician, in 1902.

That letter contained the now famous Russell’s paradozr: Let K be the set
defined by KL = {A|A ¢ A}. A small difficulty arises with the question, is K € K?
Russell’s paradox formalizes the liar’s paradoxr — This sentence is false — but
is far more serious for mathematics since the liar’s paradox can be attributed to
inconsistencies in natural language. Note that the truth teller’s parador — This
sentence is true — is also a problem. The liar’s paradox is neither true nor false,
and the truth teller’s paradox is both true and false. It is interesting to observe
that the same duality exists with Russell’s paradox: If M = {A|A € A}, then it
appears to be logically valid to answer the question, is M € M7 with both yes
and no. This is not surprising: The paradox arises from self-reference, and that
exists in both forms.

Ernst Zermelo (1871 — 1953) axiomatized set theory in 1908, and Abraham
Fraenkel (1891 — 1965) and Thoralf Skolem (1887 — 1963) made significant addi-
tional contributions in 1922. The result was what we now call Zermelo-Fraenkel
set theory [5]. As far as we know, the Zermelo-Fraenkel axioms are consistent; in
particular, Russell’s paradox does not arise.

But Russell’s paradox raised fundamental questions about mathematics.
Many mathematicians were concerned, and David Hilbert (1862 — 1943), one
of the most prominent mathematicians of his day, put forward a proposal that
has come to be known as Hilbert’s Program [20] to investigate the foundations of
mathematics. It called for formalizing mathematics in axiomatic form and for a
proof that the resulting axiomatization is consistent. Kurt Godel (1906 — 1978)
put an end to that dream with his extraordinary 1931 paper [I4J16]: He proved
that any logical system that includes Peano’s axiomatization of the natural num-
bers could not be both consistent and complete. To make matters worse, he also
proved that such a system could not prove itself consistent without proving itself
inconsistent!

A common misconception is that Paul Cohen’s 1963 result [4] that the contin-
uum hypothesis is independent of the Zermelo-Fraenkel axioms is an example of

13 Cantor’s work on sets was surprisingly controversial. At times, he was bitterly at-
tacked by other mathematicians. The worst came from Leopold Kronecker (1823 —
1891). Cantor suffered from depression; many say it was brought on by Kronecker.

4 Pun intended?
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Godel’s incompleteness theorem['d That any particular axiom system be incom-
plete is not surprising. One easy way to find an incomplete system is to remove
one axiom from a given system (unless the removed axiom is not independent of
the others). What Godel’s theorem tells us is that every consistent axiom system
that contains the integers must be incomplete. Thus, for example, adding the
continuum hypothesis to the Zermelo-Fraenkel axioms cannot create a complete
system (unless it is inconsistent).

2.5 From Godel to NP

The comments in this section are based entirely on my own observations and
intuition.

Mathematicians learned to live with Godel’s results — what choice did they
have? One professor of mine dismissed the issue by saying, “Zermelo-Fraenkel
set theory avoids the known paradoxes but not the rest.” Most mathematicians
were confident that their systems were in fact consistent, and the post World
War II era saw a boom in mathematics. Partly in reaction to the Russell-Godel
period and partly in reaction to computers, at which mathematicians looked
down their noses, “pure mathematics” became the thing. Although it was rarely
stated explicitly, many mathematicians thought that real applications somehow
lessened the value of their work[\ They were especially disdainful of computer
science.

Attitudes towards computer science began to change in the 1980’s after the
question, does NP = P emerged. Although I cannot prove this, I am certain
that a number of mathematicians said, “Those idiot computer people. I'll show
’em how to handle NP.” When they discovered that the question was a wee
bit more difficult than they had expected, they (albeit begrudgingly) developed
some respect for computer science. Slowly they began to recognize the sub-
stance inherent in all of computer science. Then they discovered 7.x and it was
all over.

Our discussion so far has included an extensive examination of rigor without
addressing the question:

2.6 What Is a Proof?

This question has been asked by mathematicians and philosophers alike (if there
is a difference) and by students of mathematics. It should be noted that when
members of the latter group ask the question, it is because they are baffled,

15 The continuum hypothesis states that there are no uncountable sets that are smaller
than the set of real numbers. This is not very satisfactory: Given the size difference
between the reals and the integers, there ought to be such sets. But Cohen’s result
tells us that if there are any such subsets of the real numbers, their cardinality cannot
be determined.

16 Paul Halmos is purported [18] to have said, “Applied mathematics will always need
pure mathematics just as anteaters will always need ants.”
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whereas when members of the former group ask the question, they think they
know the answer[1] The following dialog was recently overheard in the hallowed
halls of the University of New Haven.

S Professor, what is a proof?

M AY: My dear boy. A proof is a sequence of logically deduced steps leading
inevitably from the hypothesis of the theorem to the conclusion.

SM: Yes, sir, but, well, today’s lecture was wonderful...

M P: Thank you. We aim to please.

SM: Yes, sir. But, you see, I had some difficulty understanding the proof of
Green’s Theorem. I mean, I could not always tell why one step logically followed
from previous steps.

M P: Naturally, these steps could be broken down into smaller steps, each of
which can be so clearly inferred from the previous steps that there is no contro-
versy. Indeed, Bertrand Russell successfully did just that once or twice.

SM: 1 see, sir. But why don’t we do that with all theorems?

M P: Do you think a mathematician has the time to spend on such tedious twad-
dle? My dear boy, ...

Our good friend M P did capture the feelings of most mathematicians. His
“tedious twaddle” is in fact the notion of proof that came out of the Hilbert
Program [20]: A Hilbert Proof of a theorem is a sequence of statements, each
of which is an hypothesis of the theorem, an axiom or definition, a (previously
proved) theorem, or a consequence that is deduced from previous statements
with the application inference rules. Hilbert also required a proof checker — a
verification algorithm. Since the Hilbert Program was BCE they probably did
not expect the verification to be carried out by computers but rather by the next
best thing

17 Mathematicians, arrogant creatures that they are, think they know everything, ex-
cept possibly for the solutions to a few open problems, such as the Riemann hypoth-
esis or the question, does NP = P? Inexplicably, in light of the failures of so many
really smart people, most actually expect, or at least hope, to solve some of these
problems.

18 Student of Mathematics.

19 Mathematician/Philosopher.

20 Before Computers.

21 Graduate students.
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I am unaware of any examples of Hilbert Proofs except for the most trivial 27
In fact, the proofs that mathematicians actually write are not materially differ-
ent from Euclid’s. Define an Aristotelian Proof of a theorem to be a sequence
of statements that begins with the hypothesis and ends with the conclusion, in
which each statement is logically deduced from axioms, definitions, and the pre-
vious statements. The practical difference between logically deduced and deduced
with the application inference rules is of course enormous. Modern mathemati-
cians also require a verification algorithm; they call it peer review. The obvious
question is, “Is peer review all that reliable?” Most mathematicians would an-
swer, “Yes.” They would add that this is especially true of important results.
That is, some incorrect proofs may escape a referee, but not when the result is
significant. Wiles’ proof of Fermat’s Last Theorem, for example, has been care-
fully checked by many mathematicians, and we can be sure of its correctness.

Sounds a bit like Bishop Berkeley’s blind faith, doesn’t it?

3 Alan’s Insight: Limits

Cauchy was probably the first mathematician to treat limits rigorously. In doing
so, he filled in the gaps that Berkeley had found. Like Newton and Leibniz,
Cauchy started with the slope of a secant as an estimate of the slope of the
tangent, but he avoided infinitesimals. The notation we use here is modern, but
it captures Cauchy’s thinking. First, use h in place of O for the increment from
xo to x1 (see Figure[ll) to avoid the suggestion of infinitesimals. If

fwo +h) = f(xo)
h b

m(h) =

then m(h) is the slope of the secant, and h can never be 0; i.e., the point
(21, f(z1)) on the curve must be different from the point (zo, f(x0)). But if
h is near 0, i.e., if the two points are close to each other, then the slope of the
secant should be close to the slope of the tangent. What Cauchy did was to
provide a mathematical definition of close.

Let € be the error in the slope estimate — i.e., the absolute value of the
difference between the slope of the tangent and the slope of the secant. Cauchy’s
idea was that e can be made arbitrarily small if & is close enough to (but not
equal to!) 0. More generally, Cauchy defined

lim f(z) =1L (1)
r—a
to mean that f(x) can be made as close to L as desired by making = close enough
to (but not equal to) a.
Cauchy’s presentation was rigorous, but the notation introduced by Weier-
strass a few years later is better than Cauchy’s. He defined expression (1) as
follows:

22 There are of course non-trivial examples of Hilbert Proofs generated by computer.
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Given any e > 0, there exists a § > 0 such that 0 < |z — a| < ¢ implies
[f(z) = L| <e.

How elegant! The Weierstrass definition is so perfect that we still use his
notation, and an enormous body of mathematics has been developed from it.
It generalizes very easily. For example, to find the limit of a sequence {a,},
we change the condition |x — a| < 6 to a condition on the subscript: Define
limy, 00 an = L by

Given any € > 0, there exists an N such that n > N implies |g(z) — L| < e.

Let us consider one example, lim,_,gx/x = 1. Verifying this limit justifies
the canceling done by Newton in most of his fluxion calculations. But this is
almost trivial using the Weierstrass definition: Given € > 0, choose any positive
6. H0<x <6, thenz/x=1,s0 |/ — 1] =0<e.

Consider the journey that led to the Weierstrass definition. First came the
idea of using slopes of secants to estimate the slope of the tangent, expecting
that the limiting case would produce the actual slope of the tangent. That was
followed by a clear intuitive definition of limit: f(x) will be arbitrarily close to
L if z is close enough to (but not equal to) a. Only then was the formal defini-
tion of limit possible. This brings us to the crux of the matter: What is the real
definition of limit? For the answer, we return to lunch with Alan [I5]:

Robinson’s Clarity The ideas and concepts of mathematics are intuitive.
Formal definitions are necessary for the rigorous development of mathematics,
but they are useful only if they capture the intuitive concepts.

The real definition of limit is therefore the intuitive one, not the formal one:
The Weierstrass epsilon-delta definition was crucial for the rich body of mathe-
matics that followed, but we use it because it captures the intuitive definition of
limit precisely.

Consider four possible definitions of lim,_, f(z) (2 is used for such that).

1. Ve>0) (36>0)3(0< |z—a|l <é) = (|f(z) — L| <e).

2. (36>0)30<|z—a|] <) = (f(x)=1L).

3. Ve>0)(36>0)3 (lz—al <6) = (|f(x) — L| <e).

4. Ve>0)(36>0)> 3z, 0< |z —a|l <) = (|f(x) — L| <e).

The first is the Weierstrass definition (using modern notation). In the sec-
ond, the “epsilon condition” has been changed so that f is not just close to
L, it is equal to L. This would be a perfectly workable definition, and it does
yield lim, o z/x = 1, solving Newton’s cancellation difficulty. But it is not suf-
ficiently general. In the third, the condition x # a has been removed from the
“delta condition.” This is essentially the definition of continuous function and is
quite useful, but it reintroduces the division-by-zero problem in the definition of

23 The rigorous formulation of his intuition?
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derivative. The last definition amounts to saying that f is frequently close to L
if x is close to a. Some authors call such an L a cluster point of f, but we want
limit to mean that f(x) is always close to L if z is close enough to a.

Here is the point: Any of these definitions makes mathematical sense and
would admit serious mathematical developments. Indeed, more than one PhD
dissertation has been written about the last two. But the first captures what we
really mean by limit, and the others do not. The formal definition comes from the
intuitive definition, not the other way around P4 At the same time, the intuitive
definition is not enough; we do need the formal definition for rigorous proofs.

Perhaps Footnote Bl in which it was suggested that it might not be ideal
to define a function from A to B as a subset of A x B in which each element
of A appears exactly once, is relevant after all. This is a precise definition of
the graph of a function, but it violates Robinson’s Clarity because it does not
capture what we really mean by function, namely an assignment of points in A
to points in B. It is true that the “assignment definition” leaves function as an
undefined term, but if we go with the “graph definition,” then we misuse the
word function every time we use it. Indeed, any mathematician who wanted to
talk about the set of ordered pairs related to a function would say graph of the
function, because the word function does not convey that meaning!

There is a practical side to Robinson’s Clarity as well. It is not uncommon
to have good intuition that a conjecture is a theorem but not be able to find
a precise proof. Applying Robinson’s Clarity sometimes provides the answer.
In the next section, two theorems from [I0] are described whose proofs were
eventuall made rigorous using Robinson’s Clarity.

We close this section by noting that many mathematicians believe there is
a kind of converse to Robinson’s Clarity: A good proof should provide intuition
about the theorem.

4 How to Get Your Papers Published

The paper, Completeness for Linear, Regular Negation Normal Form Inference
Systems [10], co-authored with Reiner Hahnle and Neil Murray, required three
revisiond? before it was accepted for publication. Both referees read it carefully
and made numerous valuable suggestions for improvement The referees found
gaps in several proofs. In this section, we will look at two of them and see how
those gaps were filled with applications of Robinson’s Clarity.

A significant part of that paper is concerned with completeness of inference
systems that employ negation normal form@ so a definition of NNF is probably

24 Unfortunately, the “other way around” happens far too often in the classroom.

25 The original submitted proofs were vague, and their eventual rigor depended on good
referees pointing out the gaps.

26 The last was pretty minor, but three sounds more dramatic than two.

2T One in particular was very thorough. If you happen to be that referee, please know
that your efforts are very much appreciated.

28 You may have guessed that from the title.
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in order: A logical formula is in negation normal form (NNF) if A and V are the
only binary connectives, and if all negations are at the atomic level. Negation
normal form differs from the more normalized conjunctive and disjunctive normal
forms (CNF and DNF) in that NNF allows any degree of nesting of operators.

Several of the proofs employ generalizations of the Anderson-Bledsoe excess
literal argument, which was developed for resolution. A key to their proof is
the removal of a literal from one clause, say C. The induction hypothesis then
provides a resolution proof of the resulting clause set. The removed literal is
then restored to C' and to every clause in the proof that descends from C'. See [1]
or [I0] for the details. This process is straightforward in the clause setting, but
quite another matter in NNF. The next theorem and proof, which are exactly
what appeared in the original submitted version of the paper, generalize the
Anderson-Bledsoe technique to NNF. The referees felt (correctly!) that removal
and restoration of literals was less transparent in NNF. The fix was to nail down
that process; i.e., to apply Robinson’s Clarity. The reader may choose to skip
ahead, rather than to slog through a gap-filled proof that depends on lemmas
and definitions available only in the original paper.

Theorem 529 The tableau method is a complete refutation procedure for un-
satisfiable sets of (ground) NNF formulas.

Proof. Let S be an unsatisfiable set of ground NNF formulas; we proceed by
induction on the number n of distinct atoms in S.

If n = 0, then S = false, and there is nothing to prove; so assume the
theorem holds for all formulas with at most n distinct atoms, and let S be a set
of formulas with n + 1 distinct atoms.

Suppose first that one of the formulas in S is the unit p. After the alpha rule
is applied to the initial tableau, there is a single branch, and that branch is open
and contains a node labeled p.

Otherwise, let p be an atom in S, and remove from S all occurrences of CE(p).
Applying the Pure Rule (Lemma 5) to the resulting unlinked occurrences of p
removes the d-extensions of all occurrences of p; let S, be the set of formulas
produced. By Lemma 7, S, is unsatisfiable, so by the induction hypothesis,
there is a proof T}, for S,,. Let ng be the tableau tree produced by applying each
extension in 7}, to the corresponding formulas in S. If T} is closed, we are done.
If not, then all open branches in T; must result from formulas containing p or p.

A formula that contains p is a formula of S from which the c-extension of p
was removed to produce the corresponding formula of S,,. That c-extension must
occur in a disjunction since a conjunction would be part of the c-extension. When
such a disjunction is used for extension, an open branch containing p emerges —
one that is simply not in 7},. The open branch will contain CE(p), which is either
the unit p or a conjunction that automatically produces the unit p on the branch
by the alpha rule.

Consider now extensions by formulas containing p. Recall that in the com-
pleteness proof for linear resolution for formulas in clause form (Theorem 2),

2% The theorem number is from [10].
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the clauses containing p were never used in the proof provided by the induc-
tion hypothesis. Such clauses are in effect removed by the Pure Rule since
DE(p) is precisely the clause containing p. In the non-clausal case, DE(D) is
also deleted, but this in general is a proper subformula of the formula contain-
ing p. In that case, DE(p) is always an argument of a conjunction. Let DE.(D)
be the conjunction, and let DE’(p) be DE.(p) with DFE(p) removed. Thus,
DE.(p) = DE.(p) N DE(p). If DE/(p) is used in an extension in T}, then,
when DE,(p) is extended in T}, DE(p) is conjoined to DE[(p). In particular,
there are no new branches and therefore no open branches due to the formulas
of § that contain p. Hence, all open branches in ng contain nodes labeled p.
Similarly, by deleting occurrences of C E(p) to produce the set of formulas Sp,
the induction hypothesis provides a proof T3 of Sy and a corresponding proof
tree Tz—ﬁ of §. The leaves of all open branches of Tf—g are labeled p. Finally, to
obtain a closed tableau from 77 and T}, apply the steps of T3 along each open
branch (containing {p}) of 7). Observe that any branch not closed by (the steps
of) T or by T}, has nodes labeled p and labeled p and thus can be closed. O

The weakness in this proof stems from the structure of NNF formulas, which
is considerably more complex than that of CNF or DNF formulas. In particular,
the effect of removal and replacement of literals is transparent in the Anderson-
Bledsoe proof but far from obvious in an NNF tableaux. As a result, a brief
description of NNF is required for this discussion; more can be found in [I0], and
a detailed analysis can be found in [I2]. We need two concepts here: fundamental
subgraph and full block.

Given a logical formula F in NNF, think of the connectives as being n-ary,
so that, for example, the n-ary representation of (AAB)AC is AABAC. Then a
fundamental subgraph of F is one of the conjuncts of a conjunction or one of the
disjuncts of a disjunction. To be clear, this means that a fundamental subgraph
of a conjunction must itself be either a literal or a disjunction. A full block
amounts to several fundamentals of a single conjunction (disjunction) conjoined
(disjoined) together.

There were two keys to filling the gaps in the proof of Theorem 5. The first
was to carefully describe the structure of NNF tableaux (i.e., tableaux developed
for NNF formulas); the second was precise (and rigorous!) rules for removing and
replacing full blocks from an NNF tableaux.

The structure of an NNF tableau differs from that of a CNF tableau in one
crucial respect: Internal nodes in a CNF tableau are always branch points; this
is not true for NNF tableaux because the nesting of operators necessitates the
use of alpha rules to develop them. The set of tableau nodes produced by ap-
plication of an alpha rule is called a segment in [I0]. The meaning of segment
is intuitively clear, sufficiently so that the term was not introduced in the sub-
mitted version. But segments are not completely transparent, primarily because
“the set of tableau nodes produced by application of an alpha rule” depends on
knowledge of how the tableau was developed. As one referee pointed out, such
definitions should depend only on the structure of the tableau. The following is
taken directly from the final version of the paper:
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It will be necessary to deal with the set of nodes produced by an alpha
extension, and so we define the segment of a node N on a branch @ as follows:
If N is a branch point or a leaf, then the segment of N is the set consisting of
N plus the nodes on © above N but below (and not including) the first branch
point above N. If N is not a branch point or a leaf, then the segment of N is the
segment of the branch point or leaf immediately below . Note that the head
of the tableau is the segment of the first branch point (or of the leaf if there
are none). Note also that each branch point must have at least two segments
immediately below it.

This definition is not entirely trivial, but it is a perfect example of
Robinson’s Clarity: It captures precisely the intuitive notion of segment. It does
depend on several terms — branch, branch point, leaf, head — all are carefully
defined in the paper.

The Tableaux Removal-Replacement Rules provide another example of
Robinson’s Clarity. They make rigorous the process of removing a full block
from a formula, constructing a tableau proof tree from the resulting formula,
and then replacing the removed full block to construct a tableau for the original
formula. These rules made filling in the gaps in Theorem 5 straightforward —
see [10] for the final proof.

Tableaux Removal-Replacement Rules. Let F’ be the formula produced
when a full block £ is removed from a formula F. Our goal is to create from a
sequence S’ of tableau steps applied to F’ a corresponding sequence S of tableau
steps for F. The full block £ is either part of a conjunction or a disjunction. (Were
£ all of F, F' would be empty and there would be nothing to do.) Specifically, let
G = EANG’, where G is a fundamental subgraph of a disjunction, orlet G = £V ',
where G is a fundamental subgraph of a conjunction. Note that F’ is F with G
replaced by G’; consider a sequence S’ of tableau steps applied to F’. Observe
that any element of S’ that leaves G’ intact can be directly applied to F (using
G in place of G'). Whether G be a conjunction or a disjunction, G’ may be a
conjunction or a disjunction.

RR1. Suppose first that G = E NG,

a. If G’ is a conjunction, it is unaffected by S’ unless it is alpha extended.
The corresponding step in S is to alpha extend G. Any further step in
S’ is directly applicable and thus is identical in S.

b. If G’ is a disjunction or a single literal, then it is part of a larger dis-
junction D" in F' and is unaffected by S’ unless D’ is beta extended. Let
D be the corresponding disjunction in F: i.e., D contains G instead of
G’. Three steps are necessary in S. First, D is beta extended, and G be-
comes a single leaf instead of the several leaves created by the disjuncts
of G’. Secondly, there is an automatic alpha extension that creates a leaf
segment with two (or more if £ is a conjunction) nodes, labeled £ and
G’'. Thirdly, G’ is beta extended. Observe that an extra branch point has
been created, but there are no new leaves.
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RR2. Suppose now that G = £V G'.

a. If G’ is a disjunction, it is unaffected by S’ unless it is beta extended. The
corresponding step in S is to beta extend G, creating an extra leaf, labeled
& (or extra leaves, labeled with the disjuncts of £ if £ is a disjunction).
Any further step in S’ is directly applicable and thus is identical in S.

b. If ¢’ is a conjunction or a single literal, then it is part of a larger con-
junction C’ in F’' and is unaffected by S’ unless C’ is alpha extended.
Two steps are necessary in S. First, the corresponding alpha extension
creates G as a single node in a leaf segment instead of the several nodes
created by the conjuncts of G’. Secondly, G is beta extended. Observe
that an extra branch point has been created, and there is a new leaf,
labeled & (or several, if £ is a disjunction).

These rules appear as a remark in [I0]; the remark amounts to a definition
of the rules and a lemma that says they work. That they do indeed work may
not be all that easy to see, but the point of Robinson’s Clarity is not to make
mathematics easy — that will never happen. But these rules do make the re-
moval/replacement process precise, and it is easy to see how the rules operate.
The proof of Theorem 5 that appeared is also not that easy, but formalizing the
notion of segment and well defining the Removal-Replacement Rules led to a
rigorous proof.

We conclude with a discussion of one of the more interesting results (and
probably the most difficult) from [10].

Theorem 7. The tableau method restricted to regular u-connected tableaux,
free of unit extensions, is a complete refutation procedure for unsatisfiable sets
of (ground) NNF formulas.

Connectivity for the tableau method is analogous to linearity for resolution,
the idea being always to use the most recent inference. Although regularity is
also in the theorem, it will not be discussed here because connectivity is far more
interesting. For a CNF tableau, connectivity is defined as follows: Two clauses C
and Cs are connected if there is a link (complementary pair of literals) consisting
of one literal from each clause. Two nodes Ny and N> in a tableau proof tree
are connected if they are on the same branch and the clauses labeling them are
connected. A tableau is weakly connected if for any branch point B, at least one
child N of B is connected to B or to a node above it, and, if B is not the first
branch point, the connection is to a unit. The tableau is connected if it is weakly
connected and if one child of each branch point is connected either to the branch
point or to a node in the head.

This definition easily generalizes to NNF' tableaux, but Theorem 7 does not
hold for such connectivity. What is required is u-connectivity: A tableau is de-
fined to be u-connected if for each branch point B there is a node N in one of
the segments immediately below B that is either connected to the segment of B
or has the following property: Each connection from IV to a node above it is to
a unit, and there is at least one such connection. An (alpha or beta) extension is
u-connected if the tableau it produces is u-connected. Observe that a connected
tableau with connections to the head need not be u-connected.
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Fig. 2. Tableau Proof Tree After One Beta Extension

Notice the crucial role played by segments in this definition. Notice also that
to be u-connected, if there are no nodes connected to the segment of the branch
point B, then there must be a node with the property that every connection from
it is to a unit. Keep in mind that in an NNF tableau, even if beta rules are never
applied to units, alpha extensions can produce units anywhere in the tableau,
not just in the head. In particular, the fact that u-connectivity is required for
Theorem 7 does not weaken the result.

A rigorous proof of Theorem 7 cannot be obtained without Robinson’s Clar-
ity The proof is by induction, and the difficulty arises after the induction
hypothesis is applied. The proof begins with a beta extension of a fundamental
subgraph of the original formula, creating a branch point and several branches
in the tableau — see Figure[2l The induction hypothesis provides a u-connected
tableau for each branch. When each branch is treated separately, the head con-
sists of the head of the entire tableau plus a part that is below the first branch
point. Here is the problem: Suppose a node N in the i*" branch is connected
to the segment of B; above the branch point B. When the tableaux for the
branches are put together, that connection is no longer to the segment of By,
and connectivity may be violated. Robinson’s Clarit provided the solution.
What is proved is that when that happens, every connection from N is to a unit;
i.e., u-connectivity is not violated. The details can be found in [10].

5 Conclusion

Use Robinson’s Clarity.
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Abstract. We prove consistency of a sequent calculus for classical logic
with explicit splitting of free variables by means of a semantical sound-
ness argument. The free variable system is a mature formulation of the
system proposed at TABLEAUX 2003 [I]. We also identify some chal-
lenging and interesting open research problems.

1 Introduction

Variable splitting is a technique for detecting variable independency in first-order
free variable sequent calculi, matrix systems and systems of tableau. The under-
lying problem arises when a (3-inference splits a branch into two new branches,
such that a variable has two different contexts: one occurrence in each branch.
Variable splitting provides us with criteria for deciding whether or not a sub-
stitution can assign different values to different occurrences of free variables.
A novel feature of the technique is that it applies globally to the whole proof
object: it considers the effect that an inference has on the whole proof by iden-
tifying different occurrences of the same variable all over the construction. The
goal of the uniform variable splitting technique, first presented in [I], is to
label variables differently (modulo a set of equations) exactly when they are
independent.

Related ideas were